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Comment on “Experimental Demonstration of Violations of the
Second Law of Thermodynamics for Small Systems and Short Time
Scales” [1].
In a recent experimental demonstration of the transient fluctuation theorem
(TFT) by Wang et al.[1], a small latex bead, initially at rest in a harmonic trap
and in equilibrium with a surrounding fluid, starts to be dragged at a velocity
vopt at t = 0 by means of the trap. Measurements of the entropy production
over a time τ ,
Στ ≡
1
kBT
vopt ·
∫ τ
0
F(t) dt, (1)
were made, with T the temperature, kB Boltzmann’s constant, F(t) = −k(x(t)−
x0(t)), x(t) the bead’s position, and x0(t) zero for t < 0, and voptt for t > 0.
Thus, PT (Στ < 0) and PT (Στ > 0), the probabilities to find a negative resp.
positive values of Στ , were measured and shown to comply with the integrated
TFT[1, 2]:
PT (Στ < 0)
PT (Στ > 0)
= 〈exp[−Στ ]〉T+, (2)
where on the right-hand side (r.h.s.) the average is performed over transient (T )
trajectories with positive Στ .
Assuming the probability distribution P (x, t) is described by the Smolu-
chovski equation, it satisfies
∂tP (x, t) = ∇ · {D∇+ τ
−1
r [x− x0(t)]}P (x, t). (3)
with D is the diffusion constant and τr the particle’s relaxation time in the
harmonic trap. Since Eq. (1) is a linear combination of positions at different
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Figure 1: l.h.s. and r.h.s. of Eq. (2) (solid line) and Eq. (6) (dotted line and
dashed line, resp.), for στr = 1.
times, and the Greens function and equilibrium state are Gaussian, so will the
Στ distribution. It can then be characterized by its first two moments
〈Στ 〉T = στ − στr(1− e
−τ/τr)
〈∆Σ2τ 〉T =
〈
[Στ − 〈Στ 〉]
2
〉
T
= 2〈Στ 〉T . (4)
Here σ = |vopt|
2/D is the entropy production rate in the non-equilibrium sta-
tionary state (NESS). Eq. (2) follows from Eq. (4) and the Gaussian distribution
of Στ . Sevick et al. have independently developed an equivalent theory for the
TFT from a Langevin approach[3].
Although the TFT looks similar to the stationary state fluctuation theorem[4]
(SFT), it is quite different[5]. The TFT looks at variations in entropy produc-
tion over a trajectory of length τ starting from an initial equilibrium ensemble.
The SFT deals with the distribution of entropy production Στ over trajectory
segments of length τ along a single trajectory in the NESS. As above, the SFT
can be derived from Eq. (3) because the NESS is Gaussian, as is the stationary
(S) distribution of Στ . One obtains
〈Στ 〉S = στ ; 〈∆Σ
2
τ 〉S = 〈∆Σ
2
τ 〉T (5)
Now 〈∆Σ2τ 〉S → 2〈Στ 〉S only as τ →∞ [Eqs. (4,5)], so
PS(Στ < 0)
PS(Στ > 0)
τ→∞
= 〈exp[−Στ ]〉S+, (6)
2
Fig. 1 shows the left-hand side (l.h.s.) and r.h.s. of Eqs. (2), and (6); for
τ → ∞, the curves of the SFT indeed approach each other[Eq. (6)], but the
curves of the TFT and of the SFT approach a constant, non-tivial ratio
PT (Στ < 0)
PT (Στ > 0)
/
PS(Στ < 0)
PS(Στ > 0)
τ→∞
= exp
[στr
2
]
,
as follows from the asymptotics of the error functions in the explicit expressions
for the left-hand sides of Eqs. (2) and (6). So a negative Στ is less likely in the
NESS than in the transient state. In fact for large στr , negative fluctuations in
the NESS are exponentially suppressed. This is important if one wants to devise
an experiment on the SFT. More details will be given in a future publication.
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